The result from the SN1A projects suggest that the dark energy can be represented by a fluid with w < −1. However, it is commonly argued that a fluid with |w| > 1 contradicts causality.
The existence of a dark energy, an energy density ρ with negative equation of state w = p/ρ with pressure p, has been determined by the SN1a [2] and the CMBR observations [1] . These observations show that we are living in a flat universe with a matter contribution today Ω m ≃ 0.3 and a dark energy Ω de ≃ 0.7 with w de ≤ −2/3. The cosmological results do not rule out an energy density with w < −1 [3] .
Perhaps the most economic solution to the dark energy is that of a scalar field. Not only because they are widely predicted by particle physics but also because their dynamics may lead in a natural way to an accelerated universe. These scalar fields are called quintessence and they are homogenous in space and have only gravitational interaction with all other fields.
The possibility of having w < −1 seems to contradict causality since it is commonly stated that w gives the sound speed of a fluid. Only when the equation of state parameter w is constant it cannot exceed the speed of light [5] . Here, we would like to analyze what the information speed for a scalar field is and we will show that even in the cases where |w| > 1 and |dp/dρ| > 1 the system does not contradict special relativity (see [7] . Models with w < −1 have been studied in [6] - [11] .
Motivation
It is usually stated that the "speed of sound" for a fluid is given either by w ≡ p/ρ if it is constant or by dp/dρ if w is time dependent, where p is the pressure and ρ the energy density. In the case that w ≡ p/ρ is constant then the two quantities dp/dρ = w coincide. The requirement that the propagation of information should not exceed the speed of light implies that |w| < 1 and/or |dp/dρ| < 1. However, as we will show, neither of these two conditions is satisfied for a scalar field.
Considering an homogenous scalar field, it is well known that its evolution leads naturally to a non-constant w φ , so w φ should not be interpreted as the "speed of sound". The equation of state parameter for a scalar field is
where the o denotes that we are considering an homogenous scalar with φ o (t) andφ ≡ dφ/dt. It is easy to see from the above equation that for any scalar field with positive kinetic term E k =φ 2 /2 ≥ 0 that the magnitude and sign w φ depends on the value of the potential V (φ) and eq. (1) gives
Therefore, we do not need exotic fluids to have regions with |w φ | > 1. It was shown in [11] that this kind of behavior is reached naturally for scalar field with a negative minimum in the presence of a barotropic fluid that can be, for example, matter or radiation. Now, let us analyze the quantity dp/dρ for a scalar field with arbitrary potential. It is given by p φ (t) = w(t)ρ φ (t) and dp φ dρ φ =ṗ
where we have usedṗ
and the equation of motion of the scalar field
for the second equality of eq. (5) with V ′ ≡ dV /dφ. Notice that in general eq. (5) has not only regions where |dp φ /dρ φ | is larger than one but regions where it diverges. This will happen at the turning points of the field oscillations around the minimum of the potential whenφ = 0, if the point is reached at a non-extremum of the potential V , (i.e.φ = −V ′ = 0), e.g. for any potential with a minimum at finite φ as for a massive scalar field with V = m 2 φ 2 .
Clearly, we see that under normal conditions both quantities w φ , dp/dρ are larger than the one (the speed of light). Does the sound speed of scalar fields travel faster then the speed of light?
The answer is no, as we will show later, and the reason is that neither w φ nor dp/dρ give the correct interpretation of the sound speed.
Summary of Different Velocities
In order to clarify the notion of causality for fluid or a scalar field it will be useful to define the different velocities involved in determining the transportation of a signal in a medium.
For simplicity in presentation purposes we will consider only one space dimension. The wave equation for a a fluid is given byρ
where c is the speed of light and the parameters v, b, d may depend, in general, on the coordinates t, x and they define the type of medium the fluid is in. If we take a fourier transformation
eq.(8) takes the formρ
The parameter v defines the phase velocity. The simplest wave equation is given by d = b = 0 and v constant. In this case all monochromatic wave functions will have the same speed and v can be interpreted as the sound speed. For d = 0 and (b − v 2 k 2 /c 2 )/k 2 k-dependent then the medium is said to be dispersive and the monochromatic wave functions will travel with different velocities. In this case it is the group velocity that determines the speed of sound. If we allow d to be different than zero then we have a dissipative medium and the wave amplitude will suffer a damping or growth depending on the sign of d and the "sound speed" would not be given by the phase nor the group velocity.
For d = b = 0 and v = cte the solution to eq.(10) involves a sum of monochromatic waves
with ̟, k constants and the amplitudes A k , B k also constant. Form eq. (10), with b = d = 0, the frequency ̟ (it should not be confused with w the equation of state parameter defined in the previous section) is a function of k
The wave number is given by k = 2π/λ and gives the inverse of the wave length. ¿From now we will set the speed of light bag to one (c = 1).
The speed for a monochromatic wave, e.g. the speed of the maximum of the wave, is given by the constrain kx − ̟t = cte from which we have the phase velocity
if k, ̟ are independent of x, t. A velocity smaller than c requires v p = ̟/k < 1. Notice that in this case v p is the same for all monochromatic wave functions since w/k is k-independent.
If we are in a dispersive medium b = 0 and the wave frequency depends on the value of k. In this case one needs to consider the evolution of wave packets since their shape will be time dependent. A wave packet occupies a limited region in space. It is common to assume that the monochromatic frequencies that form the packet are concentrated around a central value ̟ with corresponding wave number k. For a wave function with a slightly different wave number k ′ = k + ∆k the corresponding frequency is ̟(k + ∆k) and for ∆k small we can write ̟(k + ∆k) ≃ ̟(k) + (d̟/dk)∆k. The solution to the wave equation for a wave packet is of the form
and the amplitude of the wave is modulated by the function f . The group velocity is defined by requiring the argument of f to be constant, i.e. by the solution of ∆kx − t∆̟ = cte, giving the group velocity
if d̟/dk is t, x independent. The group velocity v g is valid for any dependence of ̟(k) but only as long as ∆k is small. If the medium is non dispersive ̟ is constant then the group velocity and the phase velocity coincide v g = v p = ̟/k.
In general the form of the packet will not remain constant and it will be smoothed out during its propagation and the condition of having a small ∆k will no be maintained.
Lastly let as consider a dissipative medium in the simple case of constant b, d, v. In this case the solution to eq. (10), with the ansatz ρ k = Ae i̟t + Be −i̟t give the equation,
and we see that ̟ takes imaginary values if
This will give a damping and an growing wave function solution.
The short proof we have given above also shows conditions for the validity of the approximation: the packet must be quasi-monochromatic and the frequency a slowly varying real function of k.
If either of these approximations breaks down, the group velocity loses its physical meaning. In that general case the "speed of sound" is neither the group nor the phase velocity and one must use the more complex and subtle notion of signal velocity [14, 15] .
The signal velocity is defined as the velocity with which a given standard amplitude of the wave packet moves, for instance half that of the maximum amplitude. The standard SommerfeldBrillouin definition amounts to this. The condition of retarded wave guaratees then that the signal velocity will be always smaller than c, even if the wave packet deforms very much and the group velocity becomes v g > c. That this may happen is shown in the classical SommefeldBrillouin diagram [13] for the three velocities in the neighborhood of an absorption line (Fig.  1 ). In the case of a scalar field the group velocity diverges whenφ = 0 with V ′ = 0. This will happen in most cases and even for a potential V = µ 2 φ 2 around the turning points of the scalar field.
Perfect Fluid and Scalar Field
A perfect fluid has an energy momentum tensor T µν ≡ (ρ + p)u µ u ν − pg µν where ρ is the energy density and p the pressure of the fluid, g µν the metric tensor while u µ the 4-velocity. In the rest frame u o = 1, u i = 0 and T µν gives the usual energy momentum tensor In order to study the propagation of sound it is common to take perturbations around a central
where the central values do not depend on the space coordinates while the perturbations p 1 , ρ 1 depend on t and x.
Keeping first order terms in the pressure and energy density perturbations one gets by solving the equation of motion, with a Minkowski metric, the equations
Using the relationship p = wρ (or equivalently p 1 = wρ 1 ) one has
which is valid if w is not a function of x. The restriction on w = p 1 /ρ 1 = ∂p/∂ρ to not depend on the spatial variations follows from the hypothesis of adiabatic perturbations. Eliminating v from eqs.(19) and using (20) we get the usual wave equation
Comparing eq.(21) with eq. (10) If we consider a flat FRW space, with metric ds 2 = dt 2 −a(t) 2 dx 2 , then the perturbation equation for radiation with δ r ≡ δρ r /ρ r is given bÿ
where δ m ≡ δρ m /ρ m is the perturbation of matter and the r.h.s. term in eq. (22) is a source term for δ r . Comparing eq. (22) and eq. (10) we see that the phase velocity is given by v 2 = 1/3 and in the absence of the source term, the group and the phase velocity would coincide. Since there is no dissipative term (d = 0) the sound velocity for radiation would be given be
Notice that even in an expanding universe the perfect fluid (in this case for radiation) has no dispersion.
Scalar Field
A scalar field is defined by the action
where
From this eq. we can extract the energy momentum tensor T µν (φ) = ∂ µ φ∂ ν φ − g µν 1 2 g αβ ∂ α φ∂ β φ − V (φ) and the equation of motion is
In the case of FRW metric [(∂ µ √ −g)/ √ −g]∂ µ φ = 3Hφ with √ −g = a(t) 3 , H =ȧ/a the Hubble parameter, a(t) the scale factor. The T o o = ρ component defines the energy density while T i i = −p the pressure, giving
and the equation of state parameter is
In cosmology it is usual to assume the scalar field to be homogenous in space and therefore φ(t, x) = φ o (t) is only a function of time and the space derivatives vanish, ∂ i φ o = 0. In such a case eq.(26) reduces to eq.(1).
However, contrary to a perfect fluid, in the case of a scalar field the equation of state cannot be imposed and it is dynamically determined by the evolution of φ given by eq.(24). It is easy to see that w in eq.(26) does depend on the spatial coordinates. Taking a perturbations around the average solution φ o one has
and to first order in ϕ we have
where w φo is given by eq. (1) and
Eq. (28) shows that a scalar field cannot have adiabatic perturbations since they require the pressure and the energy density spatial fluctuations to be proportional.
In the presence of gravitational interaction and for a FRW metric the perturbed equation (24) with
where the r.h.s in eq. (29) is due to the variation of the metric tensor g µν = η µν + h µν and ∇ ′2 ≡ a −2 ∇ 2 and V ′′ = ∂ 2 V /∂φ 2 . In terms of a fourier transformation ϕ(t, x) = (2π) −3 dk 3 ϕ k e ik·x/a we can write eq.(29) asφ
with k 2 = k · k. Eq.(30) gives the wave equation for the scalar field perturbations and we can see that the medium is dissipative (H = 0) and dispersive ((k 2 +V ′′ )/k 2 is k dependent). Comparing eq.(30) with eq. (10) we see that v = 1, i.e. the "phase speed" is the speed of light, b = V (φ o (t)) ′′ and d = 3H(t) are non zero and time dependent. Therefore, the wave function will have a non constant amplitude and the velocity of each monochromatic wave will differ thus giving a group velocity different than the phase velocity.
Furthermore, eq.(29) has a source term given by the r.h.s term and a solution can be found in terms of the retarded Green's function G ret :
As we shall presently see, the retardation condition implies that the propagation speed is less than c.
Solution
We shall study now the propagation speeds of a scalar field. For the sake of simplicity, let us consider Eq. (24) in Minkowski space-time, with √ −g = 1. In the neighborhood of an extremum V (φ) ≃ 1 2 µ 2 φ 2 , and from equations (2) | w |< 1ifµ 2 > 0 and | w |> 1ifµ 2 < 0. The latter case corresponds to a vev of φ near a maximum of the potential, which means the existence of an effective tachyon. It would seem that the sound velocity becomes grater than c in this case, but this is not so: the fluid model breaks down when the propagation of perturbations in the system is considered, even in the "normal" case | w |< 1.
Indeed, consider the linearized equation for the scalar field in a static space-time:
and let there be an initial perturbation ϕ 0 (r, 0). It can be shown that the latter evolution of the perturbation will be described by the equation (see, e.g. [12] )
where the invariant function ∆, defined as [12] :
is null outside the light cone. In Eq. (34) x 0 = ct, sg is the sign function, δ(x) is the Dirac delta function, Θ(x) is Heaveside step function (0 if x < 0 and 1 if x > 0) and J 1 (x) is the Bessel function of order 1.
Equations (33) and (34) prove that the scalar field propagates always with a speed less or equal than c. However, when µ 2 < 0 the amplitude grows exponentially with time, showing that the system is unstable.
Besides, the retarded Green's function can be written in terms of the invariant function ∆:
It should be stressed that the above results are general. Indeed, the Principle of Equivalence guarantees that in a freely falling reference systems, the equations of motion for the fluid or scalar field will take their Minkowskian form and the propagation of the field will obey equations (33) to (35). We see then that the retardation condition imposes that the signal velocity is less than c.
This behavior can be simply illustrated solving equation (32) in 1+1 dimension space-time. We assume that a rectangular pulse of unit amplitude is incident at the spatial point x = 0 and look fig.a shows the amplitudes of incident pulse (at x = 0), a reference pulse propagating without dispersion, and the "real" pulse, propagating with dispersion. The amplitude defining the arrival of the signal is marked "•". In fig.b we have the propagation of a rectangular pulse, of energy (frequency) E = 0.75µ. In fig.c we have the propagation of a rectangular pulse, in the anomalous (tachyonic) case µ 2 < 0.
its subsequent behavior at another point x > 0. Fig.2a shows the normal case with µ 2 > 0 and E > µ. The figure shows the passage of the signal through the points x = 0 (dashed rectangle) and through the point x = 512 (arbitrary units), together with a reference pulse (solid rectangle) propagating without dispersion. The arrival of the signal is marked with a "•" symbol in the figure.
The second graph of Fig.2b shows a similar behavior, but for the "space-like" wave vector E < µ. Although both phase and group speeds are undefined in this case, there is a signal velocity, defined by the time of arrival marked "•" in the figure.
Finally, the last graph of Fig.2c shows the propagation of the same pulse in the case µ 2 < 0, i.e. when the field is "tachyonic". In spite of that character, the signal velocity is equal to c, within computational errors. However, the system is very unstable and the pulse has been suitably scaled for plotting.
Conclusions
The above discussion shows that describing dark energy with a scalar field is consistent with causality and Lorentz invariance, even in the case where w < −1, provided dispersion is taken into account. Dispersion, however, appears naturally for scalar fields having nontrivial potentials, such as those used to model quintessence.
